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The quantum behavior of dissipative systems described by the
well-known Langevin equation has attracted considerable interest
as a research topic during past several decades. Dissipation is an
essential feature in various dynamical systems ranging from quan-
tum optics to cosmology [1]. In particular, dissipation plays a cen-
tral role in the evolution of dark energy in the inﬂation model of
cosmology [2–4]. Among several directions for a common ap-
proach for dissipative systems, there are two important main-
streams. At ﬁrst, the environment of a given system is regarded
as a large reservoir of harmonic oscillators. After quantizing the
system-plus-reservoir as a whole, the reservoir degrees of freedom
can be eliminated [5]. The other direction is a phenomenological
single-particle approach on the basis of an effective time-depen-
dent Hamiltonian function known as Caldirola–Kanai (CK) Hamil-
tonian [6,7]. The latter will be employed in this work in order to
analyze the energy of dissipative systems in view of quantum
mechanics in detail. In fact, CK Hamiltonian can also be used to de-
scribe, as well as the dissipative system, the harmonic oscillator
with exponentially increasing mass (HOEIM), M(t) =mect. HOEIM
belongs to a class of conservative system whereas dissipative sys-
tem is essentially nonconservative.It is well known that CK Hamiltonian is time-dependent. Lewis
and Riesenfeld [8,9] have introduced an invariant operator in order
to treat time-dependent Hamiltonian systems (TDHSs). Soon after,
it became a very useful tool in unfolding quantum theory of TDHS
(e.g. see Refs. [2,10–15] and references therein). Schrade et al., for
instance, evaluated the correlation coefﬁcient between position
and momentum for a particle in the Paul trap and investigated
the Wigner function for the same system by means of invariant
operator [10]. Abdalla and Choi have used the linear and the qua-
dratic invariants in order to derive propagators for a charged oscil-
lator in the presence of a variable magnetic ﬁeld [11].
In this work, we will investigate quantized energy for CK
Hamiltonian systems in coherent states on the basis of invariant
operator theory. Coherent states provide rich insight into charac-
teristics of dynamical systems in many branches of physics
[16–20]. In particular, the transition region between classical and
non-classical (quantum) states for a system is governed by coher-
ent states. Most of the physical quantities such as minimum uncer-
tainty state, Green function, and quantum energy (similar to
classical energy) can be derived from coherent states. In the late
1980s, the coherent states of the damped harmonic oscillator are
investigated by Yeon et al. using path integral method [18]. Subse-
quently, Gerry et al. studied the dynamics of SU(1,1) coherent
states for the same system by introducing SU(1,1) generators
[19]. Özeren employed Gerry’s development in order to describe
the quantum behavior of a more generalized CK Hamiltonian sys-
tem which obeys the Tsallis thermostatistics [20].
This paper is organized in the following order. In Section 2, we
examine the quantum theory of CK Hamiltonian systems with the
aid of a linear invariant operator. The quantum energy in the
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quantum energy in both low energy and high energy limits and
compare the corresponding results with those of several different
approaches. The quantum energy of CK Hamiltonian systems per-
turbed by a singularity will also be investigated in Section 4 by
introducing quadratic invariant operators. The concluding remarks
are given in the last section.
2. Quantum dynamics for CK Hamiltonian systems
One-dimensional motion of a particle of mass m subjected to a
restoring force and a frictional force is described by the CK Hamil-
tonian which has the form
H^ ¼ ect p^
2
2m
þ 1
2
ectmx20q^
2: ð1Þ
Using fundamental Hamiltonian dynamics, we can readily show
that this Hamiltonian gives damped (classical) equation of motion
for the particle, that is represented as
€qþ c _qþx20q ¼ 0: ð2Þ
Only the case of underdamping x20 > c2=4
 
will be considered here
for simplicity. In addition to the approach based on the CK Hamilto-
nian, dissipation can also be described in terms of the Bateman
Hamiltonian [21] which have been also studied by many research-
ers. In particular, the Bateman Hamiltonian is employed in repre-
senting a toy model of a deterministic quantum mechanics by ’t
Hooft [22].
Since the time function cannot be separated out in Eq. (1), the
separation of variables method is useless when solving the Schrö-
dinger equation of the system. In such a case, the introduction of
the invariant operator may enable us to derive the solutions of
Schrödinger equation. Let us consider a linear invariant operator
of the form
I^ ¼ c1ðtÞq^þ c2ðtÞp^; ð3Þ
where c1 and c2 are complex-number time functions which will be
determined later. According to the invariant operator theory, I^
should satisfy Liouville-von Neumann equation which is given by
d^I
dt
¼ @ I^
@t
þ 1
ih
½^I; H^ ¼ 0: ð4Þ
The substitution of Eq. (3) into the above equation yields
_c1ðtÞ ¼ mectx20c2ðtÞ; ð5Þ
_c2ðtÞ ¼  1me
ctc1ðtÞ: ð6Þ
From these equations, we easily obtain
€c2ðtÞ þ c _c2ðtÞ þx20c2ðtÞ ¼ 0: ð7Þ
Note that this is the same form as Eq. (2), The solution is
c2ðtÞ ¼ c0ect=2eixt; ð8Þ
where c0 is a complex constant andx is a modiﬁed frequency given
by
x ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x20  c2=4
q
: ð9Þ
Because the complex conjugate of Eq. (8), c2ðtÞ, also satisfy Eq. (7),
there are two kinds of homogeneous solutions for Eq. (7). Let us de-
note invariant operators associated with c2(t) and c2ðtÞ as I^I and I^II,
respectively. By inserting the time derivative of c2 into Eq. (6), we
also have explicit form of c1(t). Thus, with the choice of
c0 ¼ ð2hmxÞ1=2eiv; ð10Þwhere v is a real constant, we obtain the invariant operators in the
form
I^I ¼ b^eixt ; ð11Þ
I^II ¼ b^yeixt ; ð12Þ
where
b^ ¼ c0 ect=2p^þm c2 ix
 
ect=2q^
h i
; ð13Þ
b^y ¼ c0 ect=2p^þm
c
2
þ ix
 
ect=2q^
h i
: ð14Þ
Note that b^ and b^y are destruction and creation operators
associated with the invariant operator theory (DCOIOT). One
may readily check that these operators satisfy the boson commu-
tation relation: ½b^; b^y ¼ 1. For convenience, let us choose v in Eq.
(10) as v = p/2. Then, Eqs. (13) and (14) coincide with those in
previous works (e.g. see Ref. [13]) with appropriate replacement
of notations. Since we are interested in the coherent state repre-
sentation, let us consider the eigenvalue equation for I^I such that
I^Ij/i ¼ kj/i: ð15Þ
We then easily identify the eigenvalue k as
k ¼ beixt ; ð16Þ
where b is the eigenvalue of b^. After inserting Eqs. (11) and (16) into
Eq. (15), a straightforward calculation of eigenstate in coordinate
space results in
hqj/i ¼ mx
hp
 1=4
exp
1
h
ect=2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2hmx
p
bq 1
2
mect=2 xþ i c
2
 
q2
 	
þ ct
4
 1
2
b2  1
2
jbj2


: ð17Þ
Here, when we determine the normalization factor, the same man-
ner given in Ref. [23] is followed. If we regard that Eq. (11) is the
same as the destruction operator except for a time-dependent
phase factor, the above equation which is the eigenstate of I^I is (Gla-
uber) coherent state [16,17]. The investigation for the relationship
between classical and quantummechanics, which is one of the most
important issues in theoretical physics, can be carried out through
the study of coherent states. According to the invariant operator
theory, it is known that the wave function which satisﬁes Schrö-
dinger equation is different from the eigenstate of invariant opera-
tor by only a time-dependent phase factor [9]. We, therefore, put
the wave function in the form
hqjwi ¼ hqj/ieihðtÞ: ð18Þ
The substitution of the above equation into Schrödinger equation
leads to
h _h ¼ / ih @
@t
 H^
 
/
 
: ð19Þ
By performing some algebra with further substitution of Eq. (1) into
the above equation, we get
_h ¼ x bbþ 1
2
 
þ ib @b
@t
: ð20Þ
In this calculation, the fact that jbj = const. is considered. We thus
conclude that the time behavior of h is closely related to b. In the
previous paper [24], we showed that b for the CK Hamiltonian sys-
tem is given by
b ¼ b0eiðxtþuÞ b0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
mx
2h
r
qc0; ð21Þ
Fig. 1. The zero-point quantum energy obtained using DCOIOT, Eq. (30) (solid line),
and that obtained using DCOSHO, Eq. (31) (dashed line), for ⁄ = 1 and x0 = 1. The
value of c is 0.1 for (a), 0.5 for (b), and 1.0 for (c).
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tute Eq. (21) into Eq. (20), h(t) can be identiﬁed as
hðtÞ ¼ 1
2
xt: ð22Þ
Thus, we have obtained an exact Schrödinger solution which is gi-
ven by Eq. (18) with Eqs. (17) and (22). With the help of Eq. (17)
(or Eq. (18)), we can derive the expectation value of the square of
canonical variables:
h/jq^2j/i ¼ h
2mx
ectðb2 þ b2 þ 2bbþ 1Þ; ð23Þ
h/jp^2j/i ¼ mxh
2
ect 1 i c
2x
 2
b2 þ 1þ i c
2x
 2
b2

 1þ c
2
4x2
 
ð2bbþ 1Þ

: ð24Þ
By considering these equations, we see that the expectation value of
the Hamiltonian given in Eq. (1) is of the form
h/jH^j/i ¼ hc
4x
c
2
þ ix
 
b2 þ c
2
 ix
 
b2
h i
þx
2
0h
2x
ð2bb
þ 1Þ: ð25Þ
Since b is given by Eq. (21), the above equation can be rewritten as
h/jH^j/i ¼ H0 1þ 2b20 1þ
c
2x0
cos½2ðxt þuÞ  d
  
; ð26Þ
where H0 ¼ hx20=ð2xÞ and
d ¼ tan1 2x
c
: ð27Þ
Thus, we have obtained the expectation value of H^ in the coherent
state by taking advantage of DCOIOT. We will use this in investigat-
ing the quantum energy of the system in the next section.
Some researchers describe coherent state of CK Hamiltonian
systems in terms of destruction and creation operators associated
with simple harmonic oscillator (DCOSHO) [25,26]. The Hamilto-
nian dynamics for CK Hamiltonian systems based on DCOSHO is
represented in Appendix A. As expected, the result Eq. (A14) with
Eq. (A15) in Appendix A is very similar to Eq. (26).
3. Quantum energy
In this section, we study the quantum energy for the two differ-
ent systems associated with the CK Hamiltonian: one is the
damped harmonic oscillator and the other is harmonic oscillator
with exponentially increasing mass.
For the damped harmonic oscillator, the relation between the
quantum energy and the expectation value of the Hamiltonian in
the Glauber coherent state is represented as [18,27]
EðtÞ ¼ h/jH^j/iect : ð28Þ
Of course, we use Eq. (26) as the value of h/jH^j/i. For sufﬁciently
large value of b0 , not only Eq. (28) but also Eq. (A16) becomes
EðtÞ ¼ E0ect 1þ c2x0 cos½2ðxt þuÞ  d
 
; ð29Þ
where E0 ¼ mx20q2c0=2. This is exactly the same as the classical en-
ergy. If b0? 0, Eq. (28) reduces to
EðtÞ ¼ hx
2
0
2x
ect : ð30Þ
This is the same as the zero-point energy in Fock state. One can con-
ﬁrm this fact by comparing the above equation with Eq. (37) of Ref.
[12] with n = 0.It may be worth to compare our results obtained here with
those of other researches that are carried out using different meth-
ods. As a0? 0, the quantum energy of Eq. (A16) in Appendix A, de-
rived using DCOSHO, approaches toEsðtÞ ¼ 14 hx0ð1þ e
2ctÞ: ð31ÞWe can compare the plot of the two quantum energies given in Eqs.
(30) and (31) from Fig. 1. The zero-point energy derived using DCO-
IOT starts from somewhat higher value than that obtained using
DCOSHO depending on the magnitude of c. However, as time grows,
the former approaches to (but not exactly) zero while the latter ap-
proaches to ⁄x0/4.
Now let us compare Eq. (28) with the results of previous work
of Marchiolli and Mizrahi [28], which is brieﬂy reviewed in Appen-
dix B. The results of Marchiolli and Mizrahi for the expectation va-
lue of Hamiltonian, given in Eq. (B1), and subsequent further
developments are somewhat different from ours and have several
shortcomings. For high energy limit (E0  1), Eqs. (B2) and (B3) in
Appendix B do not approach to the classical energies. Their results
Fig. 2. The quantum energy in Glauber coherent state, Eq. (28) (solid line), that in
Perelomov coherent state, Eq. (C10) (long dashed line), and the classical energy
(short dashed line) for various values of qc0. Note that the classical energy is the
same as Eq. (29). The value of qc0 we employed is 0.15 for (a), 1.5 for (b), 2.3 for (c),
and 3.2 for (d). We also used ⁄ = 1,x0 = 1, c = 0.1,m = 1, u = 0, and k = 1/4. In fact, as
qc0 becomes large, the long dashed line approaches to the energy given in Eq. (33).
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be obtained by letting HM0? 0 from Eq. (B2):
EMðtÞ ¼  cx02x2 sin
2ðxtÞect : ð32Þ
This however cannot be accepted physically since it is negative va-
lue. Moreover, it vanishes as c become zero.
Note that there are other types of coherent states, so-called
SU(1,1) coherent states which can be established through
SU(1,1) algebraic formulation. Based on the methods of group the-
ory, there are two different analytic representations of SU(1,1)
coherent states. The ﬁrst is the Perelomov coherent state [29] con-
structed by means of the displacement operator formalism, and the
other is the Barut–Girardello coherent state [30] whose properties
are similar to those of the Glauber coherent state. In the previous
work [31], we investigated the Perelomov coherent state for the
CK Hamiltonian system. We also represented it in Appendix C
and the corresponding quantum energy (Eq. (C10)) is illustrated
in Fig. 2 together with the quantum energy obtained in the Glauber
coherent state (Eq. (28)) and the energy obtained from classical
theory. In case of high energy limit ð~n0 ! 1Þ, Eq. (C10) in Appendix
C becomes
EkðtÞ ¼ Hk0ect 1þ c2x0 cos½2ðxt þuÞ  d
 
: ð33Þ
If we disregard the size of the constant factor Hk0, this also corre-
sponds to the classical energy. However, the initial amplitude Hk0
is much higher than the classical one (see the starting point of long
dashed line in Fig. 2(d)). On the other hand, in the case that the en-
ergy becomes lower ð~n0 ! 0Þ, Eq. (C10) approaches to the zero point
energy like the result of analysis in the Glauber coherent state,
which is shown in Eq. (30).
Now let us see the quantum energy of harmonic oscillator with
exponentially increasing mass. In this case, the quantum energy is
just the same as the expectation value of Hamiltonian:
E0ðtÞ ¼ h/jH^j/i: ð34Þ
Hence, we can conﬁrm from Eq. (26) that the average quantum en-
ergy over a period of oscillation does not vary with time. However,
the result of the work of Marchiolli and Mizrahi does not accord
with ours. The average of Eq. (B3) over a period does not depend
on time provided that c– 2x0. Meanwhile, for c = 2x0, they
showed that the mean value of Eq. (B3) increases with time at a rate
proportional to t2. This behavior seems somewhat strange because
it is quite different from the result of classical analysis. On the other
hand, the behavior of our result Eq. (34) well agrees with the clas-
sical one except for the appearance of zero-point energy as a pure
quantum effect.
4. CK Hamiltonian system perturbed by a singularity
We consider in this section a CK Hamiltonian perturbed by a
singular potential, which is given by
H^ ¼ ect p^
2
2m
þ 1
2
ectmx20q^
2 þ X
2
2m
ect
1
q^2
: ð35Þ
The additional singular term is precisely the one that appears in
the radial equation for the isotropic oscillator with a speciﬁc va-
lue of angular momentum [12,32]. The strength of the singular
term is governed by coupling parameter X. Although we con-
structed linear invariant operator for the standard CK Hamilto-
nian in the previous section, there exists no linear invariant
operator in case of the above Hamiltonian on account of the sin-
gular term. So we regard the quadratic form of invariant operator
such asK^ ¼ C1ðtÞq^2 þ C2ðtÞðq^p^þ p^q^Þ þ C3ðtÞp^2 þ C4ðtÞ 1q^2 ; ð36Þ
where C1  C4 are time functions which yet to be determined. By
using the Liouville-von Neumann equation
dK^
dt
¼ @K^
@t
þ 1
ih
½K^; H^ ¼ 0; ð37Þ
Fig. 3. The quantum energies, Eq. (51) (solid line) and Eq. (52) (dashed line), for
different values of X. The value of X is 0.5 for (a) and 1.0 for (b). We also used
E0 ¼ 1, ⁄ = 1, x0 = 1, c = 0.1, m = 1, and u = 0.
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section. Hence, through straightforward calculations, we obtain
three kinds of invariant operators in the form
K^I ¼K^e2ixt; ð38Þ
K^II ¼K^þe2ixt ; ð39Þ
K^0 ¼12 I^II I^I þ
1
2
þ X
2
2hmx
ect
1
q^2
 !
: ð40Þ
Here, K^ and K^þ are destruction and creation operators of SU(1,1)
algebra. They are deﬁned by
K^ ¼ C02 b^
2  X
2
2hmx
ect
1
q^2
 !
; ð41Þ
K^þ ¼ C

0
2
ðb^yÞ2  X
2
2hmx
ect
1
q^2
 !
; ð42Þ
where C0 is some phase factor which can be represented as C0 ¼ eiv0 .
Let us choose v0 = 0 for the shake of convenience. These operators
follow the commutation relation of the form
½K^; K^þ ¼ 2K^0: ð43Þ
Note that K^; K^þ, and K^0 constitute complete set of SU(1,1) genera-
tors [33]. Since we are interested in coherent state, let us regard the
eigenvalue equation of K^I:
K^IjUi ¼ KjUi: ð44Þ
We readily see that the eigenvalue K is given by
K ¼ 1
2
g2e2ixt ; ð45Þ
where g2/2 is the eigenvalue of K^. The execution of some algebra
after substituting Eqs. (38) and (45) into Eq. (44) gives eigenstate
in conﬁguration space asv
hqjUi ¼ ðjgj
2
=2Þd
Idðjgj2Þ
 !1=2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2dþ1
p 1
gd
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx
h
ect
r
q1=2 expðg2=2Þ
 Jd
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mx
h
ect
r
gq
 !
exp  m
2h
ect xþ i c
2
 
q2
h i
; ð46Þ
where Id is the modiﬁed Bessel function, Jd is the Bessel function of
the ﬁrst kind, and d is a dimensionless constant given by
d ¼ 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 4X
2
h2
s
: ð47Þ
Since Eq. (38) is different from K^ by only a time-dependent phase
factor e2ixt, Eq. (46) which is the eigenstate of K^I is SU(1,1) coher-
ent state that have been ﬁrstly introduced by Barut and Girardello
[30]. More precisely, this is a particular case of the Barut-Girardel-
lo coherent state for a more generalized time-dependent Hamilto-
nian system [33]. The wave function that satisﬁes Schrödinger
equation is different from this eigenstate by only a minor phase
factor. Using Eq. (46), the following expectation values can be eval-
uated [33]:
hUjq^2jUi¼ h
mx
ect jgj2 Idþ1ðjgj
2Þ
Idðjgj2Þ
þdþ1þ1
2
ðg2þg2Þ
" #
; ð48Þ
hUjp^2jUiþX2 U 1
q^2

U
 
¼mect hx
2
0
x
jgj2 Idþ1ðjgj
2Þ
Idðjgj2Þ
þdþ1
 !"
hg
2
2
x c
2
4x
 ic
 
hg
2
2
x c
2
4x
þ ic
 
; ð49ÞHere, g is given by
g ¼ g0eiðxtþuÞ g0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E20 X2x2
q
hx
0
@
1
A
1=2
; ð50Þ
where E0 is some constant with dimension of energy. Now, we can
obtain the expectation value of Hamiltonian of Eq. (35) by consider-
ing Eqs. (48) and (49). Then, for the dissipative system, the quantum
energy is represented in terms of the expectation value of Hamilto-
nian such that
EðtÞ ¼ hUjH^jUiect : ð51Þ
It may be worth to notice again that the quantum system of time-
dependent mass that is exponential form M(t) =mect is also de-
scribed by CK Hamiltonian. In this case the quantum energy is the
same as the expectation value of Hamiltonian:
E 0ðtÞ ¼ hUjH^jUi: ð52Þ
We plotted the quantum energies of Eqs. (51) and (52) in Fig. 3. The
quantum energy in Eq. (51) dissipates with time while the energy in
Eq. (52) does not. These energies oscillate with time for a small va-
lue of X. As X grows, such oscillation gradually disappears.
5. Conclusion
We investigated quantum energy for the CK Hamiltonian sys-
tems in the coherent state. Since Eq. (1) is a function of time, CK
Hamiltonian is a kind of time-dependent Hamiltonian. There ex-
ist linear and quadratic invariant operators for the time-depen-
dent quadratic Hamiltonian. We constructed two kinds of
linear invariant operator by means of the Liouville-von Neumann
equation represented in Eq. (4). As you can see from Eqs. (11)
and (12), the ﬁrst kind of invariant operator is closely related
to the destruction operator whereas second is to the creation
120 J.R. Choi / Results in Physics 3 (2013) 115–121operator. For this reason, the eigenstate of I^I is coherent state.
Coherent states are ubiquitous in physical systems. Aside from
quantum optics and particle physics, there are wide spread ﬁelds
that the coherent states are potentially applicable, such as quan-
tum computation and BCS superconductors [34]. The wave func-
tion which satisﬁes Schrödinger equation is the same as the
eigenstate of invariant operator except for a time-dependent
phase factor (see Eq. (18)). By taking advantage of basic relations
associated with the coherent state, we have derived the expecta-
tion value of the Hamiltonian, given in Eq. (26). The quantum
energy of the damped harmonic oscillator, represented in Eq.
(28), is different from the expectation value of the Hamiltonian
whereas that of the harmonic oscillator with exponentially
increasing mass is the same. Our results Eqs. (28) and (34) are
compared with those of several different approaches from vari-
ous angles. For a higher energy limit (b0 1), we conﬁrmed that
the quantum energies become the same as the classical energy.
On the other hand, the quantum energies do not vanish even
for b0 = 0 due to the intrinsic quantum effect. Clearly, this rem-
nant energy is exactly the same as the zero-point energy in Fock
state.
For damped harmonic oscillator, the zero-point energy is dissi-
pated exponentially and continuously with time due to the damp-
ing constant c. By replacing the factor 1/2 in Eq. (30) with (n + 1/2),
it is possible to infer the quantum energy in Fock state such that
[12–15,35,36]:
En ¼ hx
2
0
x
nþ 1
2
 
ect: ð53Þ
Thus, the excited quantum energy in Fock state as well as zero-
point energy undergoes dissipation continuously. In the previous
paper [13] we applied this property of damped system to the anal-
ysis of quantum energy in Fock state for the light propagating in
dissipative linear media whose damping constant is given by
c = r/ where r and  are conductivity and electric permittivity of
the medium, respectively.
We also investigated the quantum energy of the systems that
are described by CK Hamiltonian with a singular perturbation. In
this case, the linear invariant operator does not exist due to the sin-
gular term in Hamiltonian. We therefore considered quadratic
invariant operator as a tool for treating the system quantum
mechanically. Using the Liouville-von Neumann equation we ob-
tained three kinds of invariant operators, K^I; K^II , and K^0. Note that
K^I is closely related to K^ which is the destruction operator while
K^II is to K^þ which is the creation operator. As a matter of fact,
K^; K^þ, and K^0 constitute a complete set of SU(1,1) generators.
Hence, the overall analysis presented in Section 4 is intrinsically
connected to SU(1,1) Lie algebra. The eigenstate of K^I represented
in Eq. (46) is SU(1,1) coherent state of Barut and Girardello. By
evaluating the expectation value of canonical variables in this
coherent state, we have obtained the expectation values of the
Hamiltonian. The quantum energy plotted in Fig. 3 with solid line
is dissipated with time due to the effects of damping. An another
line (dashed line) in this ﬁgure is quantum energy for harmonic
oscillator with time-dependent mass M(t) =mect perturbed by a
singularity. We conﬁrm in this case that the energy does not suffer
dissipation.Appendix A. Hamiltonian dynamics and quantum energy based
on DCOSHO
In this Appendix, we evaluate the quantum energy for CK Ham-
iltonian systems using DCOSHO instead of DCOIOT. The destruction
and the creation operators of simple harmonic oscillator are given
bya^ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx0
2h
r
q^þ i p^ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mx0h
p ; ðA1Þ
a^y ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
mx0
2h
r
q^ i p^ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2mx0h
p : ðA2Þ
Let us represent the Hamiltonian given in Eq. (1) in terms of these
operators such that
H^s ¼ x0h2 ½sinhðctÞða^
2 þ a^y2Þ þ coshðctÞð2a^ya^þ 1Þ: ðA3Þ
In fact, the under subscript s appeared in the above equation is not
necessary since this Hamiltonian is the same as H^ given in Eq. (1).
However, we attached it in order to make easy the distinction be-
tween different types of method which are employed. The expecta-
tion value of H^s in the coherent state can thus be written as
h/sjH^sj/si ¼
x0h
2
½sinhðctÞða2 þ a2Þ þ coshðctÞð2aaþ 1Þ; ðA4Þ
where a is the eigenvalue of a^. If we deﬁne Poisson bracket in terms
of a for arbitrary variables X and Y in the form [37]
½X;Y PB ¼
@X
@a
@Y
@a
 @X
@a
@Y
@a
; ðA5Þ
the Euler–Langrange equation for a is given by
_a ¼ 1
ih
½a; h/sjH^sj/siPB: ðA6Þ
A little algebra, after inserting Eq. (A4) into the above equation,
leads to
_a ¼ ix0½sinhðctÞa þ coshðctÞa: ðA7Þ
To solve this equation, it may be useful to separate a into real and
imaginary parts such that
a ¼ xðtÞ þ iyðtÞ; ðA8Þ
where x(t) and y(t) are real. Then, real and imaginary parts of Eq.
(A7) can be expressed as
_x ¼ x0ecty; ðA9Þ
_y ¼ x0ectx: ðA10Þ
By combining the above two equations, we have
€xðtÞ þ c _xðtÞ þx20xðtÞ ¼ 0: ðA11Þ
The solution of the above equation is easily obtained since it is just
the same type as the classical equation of motion, appeared in Eq.
(2), for the damped harmonic oscillator. Once the solution x(t) of
the above equation is given, we can also readily get y(t), by inserting
the time derivative of x(t) into Eq. (A9). We thus ﬁnd that
xðtÞ ¼ x0ect=2 cosðxt þuÞ; ðA12Þ
yðtÞ ¼  x0
x0
ect=2
c
2
cosðxt þuÞ þx sinðxt þuÞ
h i
; ðA13Þ
where x0 is a real constant. The substitution of Eq. (A8) with Eqs.
(A12) and (A13) into Eq. (A4) yields
h/sjH^sj/si ¼ Hs0 coshðctÞ þ 2x20 1þ
c
2x0
cos½2ðxt þuÞ  d
  
;
ðA14Þ
where Hs0 = ⁄x0/2 and d is given in Eq. (27). By comparing Eq. (A14)
with Eq. (26), we ﬁnd that it is very reasonable to put x0 in the form
x20 ¼
mx0
2h
q2c0: ðA15Þ
Then, Eq. (A14) become quite similar to Eq. (26). The quantum en-
ergy of the dissipative system is
J.R. Choi / Results in Physics 3 (2013) 115–121 121Es ¼ h/sjH^sj/siect: ðA16Þ
while that of the harmonic oscillator with exponentially increasing
mass is the same as h/sjH^sj/si.
Appendix B. Survey of Marchiolli and Mizrahi’s work
Marchiolli and Mizrahi [28] studied the quantum behavior of CK
Hamiltonian systems. According to Eq. (50) of Ref. [28], their result
of the expectation value of the Hamiltonian in the coherent state is
h/MjH^Mj/Mi ¼ HM0 1þ
c
x0  c=2 sin
2ðxtÞ
 
 cx0
2x2
sin2ðxtÞ;
ðB1Þ
where HM0 is some constant which plays the role similar to b0 given
in Eq. (21). When we representing the above equation, we have
made changes of some notations from their original work according
to the convention of present work for convenience. The quantum
energy for the dissipative system is given by
EM ¼ h/MjH^Mj/Miect: ðB2Þ
Although this dissipates with time, its detailed properties are more
or less different from ours as discussed in Section 3. In the usual
manner, for the case of harmonic oscillator with exponentially
increasing mass, the quantum energy just becomes
E0M ¼ h/MjH^Mj/Mi: ðB3ÞAppendix C. Quantum energy in SU(1,1) coherent state
For the CK Hamiltonian systems, the SU(1,1) generators are
deﬁned by [24]
K^ ¼ 12 b^
2; ðC1Þ
K^þ ¼ 12 ðb^
yÞ2; ðC2Þ
K^0 ¼ 12 b^
yb^þ 1
2
 
: ðC3Þ
These generators satisfy the following commutation relations
½K^; K^þ ¼ 2K^0; ½K^0; K^ ¼ K^: ðC4Þ
The SU(1,1) coherent state of Perelomov is given by [29]
j~n; ki ¼ D^ð~nÞj0ik; ðC5Þ
where k is 1/4 or 3/4 and
~n ¼ b
2
b20
tanhðb20=2Þ; ðC6Þ
D^ð~nÞ ¼ e~nK^þ expf2 ln½coshðb20=2ÞK^0ge
~nK^ : ðC7Þ
Note that the allowed range of the absolute value of ~n is 0 6 j~nj < 1.
If we consider Eq. (21), Eq. (C6) can be rewritten as
~n ¼ ~n0e2iðxtþuÞ ~n0 ¼ tanhðb20=2Þ: ðC8Þ
Then, the expectation value of Eq. (1) in SU(1,1) coherent state is
[31]
h~n; kjH^kj~n; ki ¼ Hk0 1þ c
~n0
x0ð1þ ~n20Þ
cos½2ðxt þuÞ  d
 !
; ðC9Þ
where Hk0 ¼ 2hkx20 1þ ~n20
 .
x 1 ~n20
 h i
. The quantum energy for
the dissipative system is also given by
Ek ¼ h~n; kjH^kj~n; kiect : ðC10ÞReferences
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